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Abstract—A rigorous analysis of an over-moded re-entrant 

cavity is performed in this paper in order to provide a complete 
modal solution, taking into account the whole set of modes, TE, 
TM and TEM, instead of the classical models which only consider 
TM0np. The used method is a combination of mode-matching 
technique and circuit analysis, obtaining the flexibility of the 
circuit technique and the accuracy of the mode-matching 
method. The behavior of some resonant modes, in relation with 
the air gap of the inner conductor, has been studied for the full-
wave case. Some experimental measurements of azimuthal 
variation modes with empty cavity have been also performed to 
validate the accuracy of the proposed analysis. Furthermore, 
dielectrometry simulations have been carried out, comparing the 
results with other methods of the literature and with commercial 
numerical techniques (FEM).  

Keywords—Mode-matching, circuit analysis, re-entrant cavity, 
full wave, dielectrometry. 

I.  INTRODUCTION  
The re-entrant cavity is one of the most used cavities in the 

microwave technology because of its wide tuning range and 
high sensibility. It has been used to develop dielectrometers 
[1], transducers [2], tunable combline resonators [3] - [4], 
medical applicators [5], etc.  

For resonant applications, the gap of the inner conductor 
produces the concentration of electric field in that region, and 
its behavior is similar to a capacitor [6]. For this reason, the 
most common resonant modes used in this type of cavities are 
TM0np, and most models are developed taking into account 
only those set of modes [7] – [9]. 

However, other modes can be used, especially in 
applications where a broadband measurement is important. For 
example, in [10] is shown how to use the hybrid HE11 mode in 
the re-entrant cavity for a Gunn oscillator application and the 
study of semiconductors. This paper goes further, since we 
analyze the re-entrant cavity with full-wave method, taking into 
account all the set of modes (TEM, TEmnp and TMmnp). The 
main goal of this paper is the modeling of the re-entrant cavity 
with all kind of resonant modes in order to extend the range of 
applicability of the current models, which mostly make use of 
only the TM0np.  

There are many configurations of the re-entrant cavity, but 
we are going to focus only in the single re-entrant cavity (Fig. 
1).  

 
Fig.1. Single re-entrant cavity geometry.  

 
The theoretical model is explained in section II. In section III 

some results are presented such as mode charts, measurements, 
simulations and comparisons with other publications and 
methods.  

II. THEORY 
The modeling of this cavity has been performed combining 

mode-matching technique and circuit analysis. Both methods 
have already been used separately to model this type of cavity 
successfully in [7] and [9], but taking into account only the 
TM0np modes. Our purpose consists of taking the best of each 
method to model the re-entrant cavity with full-wave 
technique in the easiest way, getting a good accuracy with the 
optimal computational time. We have called this procedure 
mode-matching circuital full-wave (MMCFW).  

In order to analyze the structure, it is divided into two 
regions: Region 1, (0 < � < �)  ∩ (0 < � < ℎ�) ; Region 2, (� < � < �)  ∩ (0 < � < 	).  

It is well known how to write the electric and magnetic 
fields in both regions [11]. It is important to emphasize that 
we take into account all the set of modes (TEM, TEmnp and 
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TMmnp). We have included TEM modes as a particular case of 
TM mode. To be more specific, the TM00p modes represent the 
TEM resonant modes, when they exist. 

On the interface r=a, the transverse electric and magnetic 
fields are approximated by a series expansion of basis 
functions (such as generalized circuit technique): 
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where E and H are the electric and magnetic field inside of 
each region; while e and h are the basis functions employed in 
the interface; and � and � are the weights of the basis 
functions. 

Applying the orthogonality properties of the basis functions, 
we achieve the expression of the weights, in function of the 
amplitudes of each region. 
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Where, a1 and a2, are the unknown amplitudes of 

electromagnetic fields in regions 1 and 2 respectively. For 
each region, both TM and TE modes are considered, then, the 
problem is modeled with the amplitudes ����, ����, ���� and ����. And, A and B are the modal matrices.  

Now, we equal the weights of the basis functions in both 
sides of the interface to enforce the boundary conditions, 
achieving a system equation, which corresponds with the well-
known eigenvalue problem that appears in the pure mode-
matching method. The dimension of the problem is related 
directly to the number of modes employed in each region. 
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In order to solve the eigenvalue problem, we need to set the 
determinant of the matrix X to zero and solve the resonant 
equation: 

 |det(2)| = 0 (6) 

III. RESULTS 
In re-entrant cavities is especially interesting to study the 

resonant frequency shift with the empty cavity (εr=1), in 
relation with the height of the gap (hs), because of its easy 
tunability [12]. We have performed some simulations to study 
this effect with different modes. 

The height gap range has been chosen to cover the entire 
height of the cavity (hs=[0, L]). Thus, in the first and last point, 
we have analytical solutions of the resonant frequency, because 
the structure becomes a circular coaxial cavity with hs=0, and a 
regular circular cavity with hs =L, which resonant frequencies 
have analytical expressions [11].  

In the proper re-entrant cavity, with a gap, the modes can be 
symmetric (TM0np-TE0np) or hybrids, where both Ez and Hz 
appear, though one of them is always more significant than the 
other. Then, we can distinguish Quasi~TM modes, whose Hz 
component is very small, but not negligible, and Ez has greater 
contribution; and Quasi~TE modes, whose Ez component is 
very small, but not negligible, and Hz has a greater 
contribution.  

 
Fig. 2. Mode chart of the re-entrant cavity with the height gap (hs) as 
variable. b=L/5 & a=b/2 

 
Following the resonant frequencies with the height gap 

variation (hs), we have achieved some interesting mode charts 
(Fig. 2 and 3), where one can see the behavior of some 
resonant modes in the re-entrant cavity. The simulations have 
been performed for two different of geometries, with different 
aspect ratio (L/b). In Fig. 2, L/b =5, therefore, TE resonant 
modes appear first than TM and TEM; in Fig. 3, L/b =1/5, 
therefore, TEM and TM resonant modes appear first than TE.  

Only the first resonant modes are shown to facilitate the 
readability. We have identified each mode with the following 
notation (legend of mode charts): 

“Mode with hs=0 – Mode with 0< hs <L – Mode with hs =L”. 
When the X appears, it means that the resonant mode does not 
exist in the coaxial case (hs=0).  
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Fig.3. Mode chart of the re-entrant cavity with the height gap (hs) as a 
variable. b=5L & a=b/2 

 
In Fig. 2 and 3, we can see how the resonant TEM modes 

(TM00p) of the coaxial cavity (hs=0), become TM0np in the re-
entrant cavity with a gap and remains as TM0np in the circular 
cavity (hs=L). The TE modes of the coaxial cavity (hs=0), 
become Quasi~TE modes when the gap increases, and get back 
to the pure TE mode in the circular case (hs=L). The TM modes 
have a particular behavior in this type of cavities. On the one 
hand, the Quasi~TMm1p modes of the re-entrant cavity, do not 
have an equivalent coaxial mode, they appear only when there 
is a gap, and become pure TMm1p on hs=L (circular case). On 
the other hand, the TMmnp modes of the coaxial cavity, become 
Quasi~TMm(n+1)p when the gap appears, and remain as 
TMm(n+1)p when hs=L (circular case). This effect occurs because 
TEM modes of the coaxial cavity, become TM0np when the gap 
appears, thus, a displacement in the radial coordinate (index n 
of the TMmnp modes) takes place.  

In order to validate the model, we have performed some 
experimental measurements of the resonant frequency with 
empty cavity. The comparison between the proposed method 
and the measurement is shown in Table I, where one can see 
that the relative differences are less than 0.5% in all the cases. 

Finally, we are going to show the applicability of this full-
wave method for dielectrometry. The high sensitivity of the 
fundamental modes produces a good accuracy in the 
computation of the material permittivity. Consequently, most 
of the methods of the literature develop a modeling of the 

cavity with only TM0np modes. However, the frequency range 
of permittivity estimation is often too small, because just the 
first few modes can be measured properly. In order to extend 
the bandwidth, we propose this model to employ other modes 
besides the usual TM0np.  

Table II shows a comparison between our full-wave method 
(MMCFW), pure mode-matching taking into account only 
TM0np modes [1], and finite differences time domain (FDTD) 
method commercial software (QuickWave®). We have 
compared the resonant frequencies of three different materials 
provide in [1] (for only TM010), with our method and 
QuickWave®. Furthermore, we have added two more resonant 
frequencies for each material, which are not TM0np, they are 
azimuthal variation modes. In those cases, the comparison is 
only between QuickWave® and MMCFW. 

The relative differences in the computation of the resonant 
frequencies, calculated with three different methods, is less 
than 1% in all the cases, providing a good agreement between 
them. 

IV. CONCLUSION 
A full-wave study of the re-entrant cavity has been 

performed with a new mixture technique combining mode-
matching and circuit methods, providing a really good 
accuracy in the resolution of resonant problems.  

Two mode charts with different aspect ratio have been 
presented in order to predict the behavior of some resonant 
modes (TEM, TEmnp and TMmnp) with an empty cavity, in 
relation with the height gap.  

Some experimental measurements of symmetrical modes 
and azimuthal variation modes have been performed to 
validate our method with the empty cavity. 

A dielectrometry application has also been shown, where 
the estimation of the resonant frequency of re-entrant cavity 
with dielectric-loaded gap has been compared with other 
techniques of the literature, using the fundamental mode 
(TM010), and with commercial numerical software (EMPro) to 
obtain the resonant frequencies of higher-order modes. The 
results show a good agreement with other techniques, 
validating the model presented in this paper.  

TABLE II RESONANT FREQUENCIES WITH DIELECTRIC LOADED GAP.  
b=2.56 cm; a=0.75 cm; L=2 cm; hs=0.5 cm. 

εr Mode 
fr 
[1] 

fr 
(MMCFW) 

fr 
(QuickWave®) 

Δfr 
(%) 

2,495 
 

TM010 1,9741 1,975 1,9702 0,0455 
Quasi~TM110 NA 6,2434 6,2426 0,0123 
Quasi~TE211 NA 9,1239 9,1254 0,0164 

3,734 
 

TM010 1,7284 1,7285 1,7284 0,0057 
Quasi~TM110 NA 5,7513 5,7514 0,0017 
Quasi~TM121 NA 8,3117 8,3116 0,0012 

30,83 
 

TM010 0,6969 0,6965 0,6966 0,0573 
Quasi~TM110 NA 2,4757 2,4804 0,1894 
Quasi~TM210 NA 4,1372 4,1482 0,2651 

 

TABLE I RESONANT FREQUENCIES OF EMPTY CAVITY.  
b=40 mm; a=17.5 mm; L=118 mm; hs=78 mm. 

Mode fr – Meas. fr – MMCFW Δfr (%) 
TM011 2.962107 2.966936 0.16 

Quasi~TM111 2.349514 2.341654 0.33 

Quasi~TM112 4.87666 4.882989 0.13 
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